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Abstract

We present near-optimal algorithms for two problems related to finding the replacement paths for edges with respect to
shortest paths in sparse graphs. The problems essentially study how the shortest paths change as edges on the path fail, on
at a time. Our technique improves the existing bounds for these problems on directed acyclic graphs, planar graphs, and
non-planar integer-edge-weighted graphs.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction time using Fredman and Tarjan’s Fibonacci heaps
[8]. The same bound holds for constructing the
The single source shortest pat{SSSP and the ~ MST of such graphs using the F-Heap implemen-
minimum spanning treéMST) problems are classi-  tation of the algorithms by Dijkstrd5] and Prim
cal graph-theoretic problems and have been widely [20]. The MST algorithm by Chazell¢4] runs in
studied for decades. Efficient algorithms for com- O(m - a(m, n)). Pettie and Ramachandran’s optimal
puting these trees are long known. For graphs with MST algorithm [19] has a (yet unknown) running

arbitrarily weighted edges (henceforth calladbi- time of Q(m) and Qm - a(m,n)), where a(-) is
trary graphg, the fastest SSSP algorithm is Dijkstra’s the extremely slowly growing inverse Ackermann’s
shortest path algorithm, which runs i@+ n logn) function.

For graphs with integral edge weights (hence-
forth called integer graphy linear time algo-

1 ; ; .
Part of this vyork was c_jone'whlle the_ author was at Department rithms are known for both, SSSEZZ] and MST
of Computer Science, University of California, Santa Barbara, CA

93106. [9]. For arbitrarily weighted planar graphs, a lin-
E-mail addresses:bhosle@cs.ucsb.edubhosle@gmail.com ear time SSSP algorithm was presented by Klien
(A.M. Bhosle). et al.[16].
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Table 1

Main results

Problem Graph category Edge weights Current results Our results
MVA-SP Planar, undirected dbAG Arbitrary O(n logn) O(n)

MVA-SP Undirected orDAG Integral Qm + n log log n) O(m +n - ou(2n, n))
MVA-SP DAG Arbitrary O(m + nlogn) O(m - a(m, n))
SLFR Planar, undirected Arbitrary @Ilogn) O(n)

SLFR Undirected Integral On + n log log n) O(m +n - a(2n,n))

We study the following two versions of the replace-
ment shortest paths problems:

(1) Most vital arc of a shortest pattM{/A-SB):
Given a weighted graplG(V, E) and two nodes
s andt, let a shortest path frons to t be #;; =
{e1, e2, ..., er}. Compute a shortestt path in each
of thek graphsG (V, E\¢;) for 1<i <k.

(2) Single link failure recoverySLFR): Given a
weighted graphG (V, E), let a shortest paths tree of
nodeshe .7y ={e1, e, ..., e,_1}, Wheree; = (x;, y;)
andx; =parent; (y;) is the parent of; in .7 ;. Com-
pute a shortest path from to sin each of then — 1
graphsG(V, E\e;) for 1<i<n — 1.

A naive algorithm for either of these problems in-
vokes the SSSP algorithm(@) times and thus takes
O(mn + n?logn) time. We now discuss some appli-
cations, related work, and the background of the re-
placement paths problems, followed by a summary of
our results, which are listed ifable 1

1.1. Motivation and applications

The MVA-SP and SLFR problems find direct ap-
plications insingle-link-failure-recoveryprotocols in
communication networks.

anism design and formulated the problem from a new
perspective. They describe a network, such as the in-
ternet, which is a decentralized entity where multiple
self-interested agents own different parts of the net-
work. In such a setting, auction-based pricing seems
appropriate for determining the payments to be made
to the agents in exchange of using the links. The Vick-
rey pricing mechanism motivates the owners (agents)
of the network resources to bid truthfully, where each
agent is compensated in proportion to the marginal
utility she brings to the auction. In context of shortest
path routing, an edge’s utility is the value by which it
lowers the shortest path distance—the difference be-
tween shortest path lengths with and without the edge.
See[11] for a detailed discussion on this. Other ap-
plications include finding thk shortest (simple) paths
between a pair of verticd40] and findingk most vital
arcs of a network with respect to a giver shortest
path[17].

The SLFR problem is better suited for the single-
link-failure-recovery protocols for networks, where
the knowledge of the link failure is not propagated
across the network, and the failure is discovered only
when one is about to use the failed link. As shown in
[2], a solution to theSLFR problem can be processed
in linear additional time and used for the alternate

The change in a given shortest path between a spec-path routing mechanism used in ATM networks. The
ified source and destination pair as the shortest path o54er is referred tf2] for further detalils.

edge fails is the central focus of tM/A-SPproblem.
However, a protocol making use of an algorithm for
this problem is based on the notion gibbal knowl-
edgeof the failed link. That is, the information about
the failure of a linke should be propagated to ev-

ery node of the network so that a message originat-

ing from a nodes to a nodet is now routed along a
shortesk— path inG(V, E\e) rather than the original
shortest path. Nisan and Rong8] noticed applica-
tions of this problem in the area of algorithmic mech-

1.2. Related work

The MVA-SPwas studied for arbitrary undirected
graphs by Malik et al[17] in their work related to
finding the most vital arc(mvg of an s-t shortest
path. Themvais defined as the arc (edge) of the graph
whose deletion produces the largest increase in the
shortest path distance frosio t. Their algorithm was



A.M. Bhosle / Operations Research Lettet® (1111) 111111 3

rediscovered by Hershberger and Jafi], who stud-
ied the exact problem defined above in their work on
computing the Vickrey payments for the edges partic-
ipating in ans-t shortest path. The bound achieved
for the MVA-SPproblem is Gm + nlogn), which is
optimal for arbitrarily weighted graphs in the sense
that this much time needs to be invested in computing
the originals-t shortest path (a minor flaw jroof of
correctnesf the algorithm of[17] was pointed out
and corrected irj1]). The same algorithm works for
directed acyclic graph$DAGs). However, this bound

is not optimal for planar graphs, DAGs, and integer

This problem has been studied under the naere
sitivity analysis of MSTand efficient algorithms have
been developed for it. Tarjan's(@ - a(m, n)) time
algorithm[21] has possibly been improved by Dixon
et al.[6], who presented an algorithm with a (yet un-
known) running time of2(m) and Qim - «(m, n)). For
planar graphs, a linear time algorithm for this problem
was developed by Booth and Westbrd8k

1.3. Main results

We reduce a given instance of aiVA-SP or

graphs since shortest paths computations need onlySLFR problem to an instance of tHeE-MST prob-

linear time for such graphs. Using Thorupigeger
priority queueq23], the known algorithms off11,17]
can be implemented to run in(@ + n log log n)
time for integer graphs. Note that this problem is
much different from theensitivity analysis of shortest
pathsstudied in[3,6,21]} For instance, seld 3] which
presents a lower bound €¥(min(m+/n, n?)) for the
directed version of th&1VA-SPalgorithm in thepath
comparisonmodel for shortest paths algorithms (the
directed graphs algorithm presentedit] had a flaw,
as pointed out if12]). On the other hand, the sensi-
tivity analysis of shortest paths can be performed in
near-linear @m-a(m, n)) time[6,21]even on directed
graphs.

TheSLFRproblem was studied by Bhosle and Gon-
zalez[2] in their work related teingle link failure re-
coveryin ATM networks, and an Qn+n logn) bound
was achieved for arbitrarily weighted undirected
graphs. For integer graphs, an#+ n log log n)
algorithm was presented for the problem. Also, DAGs
were shown to admit a linear time algorithm for the
SLFR problem. For unweighted undirected graphs, it
was shown that the problem can be solved in linear
time. For directed graphs, the lower bound construc-
tion of [13] applies directly to this problem and
imposes the same lower bound @tmin(m./n, n?))
in the path comparison model for shortest path algo-
rithms.

A related problem, termed theplacement edges
with respect taVISTs is the following:

RE-MST: Given an undirected weighted graph
G(V,E), let T mst={e1, e2,...,e,_1} be the MST
of G. For each edger;; € I mg, find the edge
r(e;) € E\e; which connects the two disconnected
components 07 nst\e; in the MST of G(V, E\e;).

lem, which helps us achieve improvements in certain
restricted graphs, while matching the current best
bounds for others. The reduction takes linear time
for planar graphs and @sssgm, n) + Tmst(m, n))
time for non-planar graphs, wherBssdm,n) and
Tmst(m, n) are the time complexities for computing
a single source shortest paths tree and a minimum
spanning tree, respectively, of a graph mmodes
and m edges. The general expression for the overall
time complexity of our algorithms is @sssgm, n) +
Tmst(m, n) + Tmsts(2n, n)) for non-planar graphs and
linear (actually, Q@Tsssgm,n) + Tmstsm, n))) for
planar graphs. Her&mst((m, n) is the time required

to solve theRE-MST problem defined above (also
known as the MST sensitivity problem) on a graph
with m edges andh nodes.

Our main results are tabulated Tlable 1 We im-
prove upon the current best bounds for M¥A-SP
problem for arbitrarily weighted planar graphs (undi-
rected or DAGS), integer graphs (undirected or DAGS),
and arbitrarily weighted (non-planar) DAGs. For the
SLFRproblem, we achieve improvements for arbitrar-
ily weighted planar (undirected) graphs and integer
(undirected) graphs. Our algorithms for both the prob-
lems take optimal (linear) time for planar graphs, and
are within a factor of the inverse Ackermann’s func-
tion of optimal for integer graphs and arbitrary DAGs.

Note that for non-planar graphs, the improvements
hold only for sparse graphs, i.ee=0(n log log n) for
integer graphs ana = o(n logn) for arbitrary DAGs.

As a direct consequence of tMVA-SPresults, we
get improved results for the shortest(simple) paths
problem for sparse undirected graphs using the re-
centk shortest paths algorithm ¢£0], which can be
used to solve the undirected version of the problem in
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O(k(m + nlogn)) time. For arbitrarily weighted pla-  2.1. Organization
nar graphs, using oulVA-SP algorithm, this algo-
rithm can be implemented to run in(:) time, im- We describe the algorithm for tidVA-SPproblem
proving the @kn logn) previous best bounfl5,10] in Section 3.1, followed by the algorithm for tig FR
For non-planar undirected integer graphs, the bound of problem in Section 3.2. A precomputation step which
O(k(m + n log log n)) (using integer priority queues  speeds up the basic algorithms presented in these sec-
[23]) can be improved to @(m + n - a(2n, n))). tions is presented in Section 3.3. Tkshortest (sim-
ple) paths problem is briefly discussed in Section 4.
We conclude in Section 5.

2. Preliminaries

3. Fast algorithms for MVA-SPand SLFR

We useG(V, E) to denote a graph with vertex set
problems

V and edge seE with n =|V| andm = |E|. Each edge
e € E has an associated cost (or weighi)szg (e),
which is a non-negative number. A cut in a graph is
the partitioning of the set of verticasinto V; andV»
and is denoted byVi, V»). E(V1, V2) represents all
the edges across the auty, V2).

A shortest path treeZ ;(G) for a nodes is a col-
lection ofn — 1 edges of5, {e1, e2, ..., e,—1}, Where
e; =(x;, yi), x; =parent; (y;) and the path from node
vtosin 7 is a shortest path fromto sin G. Note
that under our notation, a nodec G is thex; com-
ponent of as many tuples as the number of its chil-
drenin ; and it is they; component in one tuple (if
v # s). Nevertheless, this notation facilitates an easier
formulation of the problem. Moreover, the algorithms
do not depend on this labeling.

An x-y shortest patl?, ,(G) = {e1, e2, ..., e} is
a collection ofk edges ofG forming a shortest path
from x to y. The path?, ,(G) can also be defined  (, ,VEN, y,, (45 W)+ costlu, v) +d(v, D}
as a sequence of nodes lying on the path. The length
(total weight) ofZ, , is denoted byis(x, y). Note We borrow from[11], the definition of the “block”
that?, , NI =P yNT y=Px,. of a nodev with respect ta7 ;.

A minimum spanning tree (MST) of a graph
G(V,E) is a collection ofn — 1 edges ofG: Definition 3.1 (Hershberger and SufiL1]). If Z;,=
T mst(G) ={e1, e2, ..., ey—1} Spanning all nodes G {s = x0, x1,...,xx =t} is a shortest path frors to
such that the total weight of the tree is less than (or t in G(V, E) and the vertex» belongs to the com-
equal to) the weight of any other spanning tree of the ponent in the forest ;\ E(Z; ) containingx;, then

3.1. MVA-SPproblem

Consider the cut induced in the gra@tby deleting
an edger € Z,; from 7, a shortest paths tree of
The following property of the replacement path for
was proved irf11,17] For brevity, we omit its simple
proof.

Property 3.1 (Hershberger and Surf11]; Malik et

al. [17]). The replacement path for an edge % ;,
which is defined as a shortest path from s to t in
the graph G(V, E\e), uses exactly one edge from
E(V, V), whereV; is the component of ;\e con-
taining s andV; is the component containing t and
has weight equal to

graph. block(v) =i.
With respect to MSTs, the replacement edge for an
edgee € I mst(G) is defined as an edgée) € E\e of Computing theblock(v) values for all vertices €
minimalweight which connects the two disconnected V can be easily done in linear time.
components 0 nsi(G)\e. Now we are ready to describe our algorithm for the
When the grapl@ is understood from the context, MVA-SPproblem.
we use onlycost(e), Py y, T 5, d(x,y), andT mstin First we eliminate all edges= (u, v) which have

the above notations. block(u) = block(v). We call such edgesiseless
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edgesWe then construct a new graph(V’, E) from
G(V,E), 7, and.7,; as follows:

V' =V,

E’' = {E\useless edges}.

The cost of an edge= (1, v) € E’ is assigned as
follows:

if (e € 7)), costg(e) =0,

if (e¢ T ), costg(e)=dg(s,u)+ costg(u, v)+
dg (v, t).

OnceZ ; and.7 , are available, theost s/ (-) values
can be computed in constant time per edge. The fol-
lowing two lemmas capture critical properties of the
graphG’(V', E'):

Lemma 3.1. The edges of ; form the MST o6’ and
a shortest paths tree of Shat is Z; ,(G') =Z%5.,(G),
and jms[(c/) == f;(G/) - -g/'Y(G)

Proof. Trivial, since by the new cost function for the
edges ofG’, the total weight of all the edges of
andZ,,is 0. O

Lemma 3.2. The MST of the grapty’(V’, E"\e) has
weight exactly equal to the weight of the shortest path
distance from s to t in the grapfi(V, E\e) (which is
the weight of the replacement path for e in the graph
G(V, E)).

Proof. The proof follows from Property 3.1 and the
constructions of5’. [

Property 3.1 can be restated as follows:

Property 3.2. The replacement edgée) with respect

to MST inG’ of an edgee € Z;,(G’) has weight
exactly equal to the weight of the replacement path
for e in the graphG(V, E), which is defined as the
shortest st path in the graphG(V, E\e).

In effect, we have reduced tHdVA-SP problem
on G(V, E) to the replacement edges problem with
respect to MSTs o7’ (V’, E’) and a solution to the
latter provides a solution to the former.

The problem of finding the replacement edges
with respect to MST in a graphG(V, E) with
[Vl = n and |E| = m can be solved in time
O@m - a(m, n)) using the MST sensitivity analysis
results presented if6,21]. For planar graphs, Booth

5

and Westbrook’s algorithm3] takes only linear
time.
We have thus proved the following theorem:

Theorem 3.1. The MVA-SP problem can be solved
in O(Tsssgm, n) + m - a(m, n)) time for non-planar
graphs For planar graphs it can be solved in linear
time

Proof. O(Tsssgm, n)) time needs to be invested to
compute 7, and 7,. Construction ofG'(V’, E')
takes only linear time oncg ; and.7, are available.
For planar graphsTsssgm, n) is linear[16]. The rest
of the proof follows from the discussion above.]

3.1.1. MVA-SPfor DAGs

For DAGs, 9 and 7, are, respectively, the
single-source shortest paths treesadnd the single-
destinationshortest paths tree df Both these trees
can be built in linear time. Since the Lemma 3.1 holds
for DAGs (though not for arbitrary directed graphs),
the graphG’(V’, E’) can be constructed in exactly
the same manner as for undirected graphs, the only
difference being that the seti§eless edggsow also
includes all edges of the foren= (u, v) with e being
directed fromu to v such thatblock(u) > block(v).

In other words, we consider only those edges in the
cut E(Vs, V;) which are directed from a node iry to
a node inV;. Seg[11] for a discussion on this issue.

Furthermore, the constructed gragh is made
undirected This critical change does not affect the
solution, since the costs assigned to the edges’of
capture all the information relevant to the replacement
paths.

The remaining part of the algorithm is exactly the
same as that for undirected graphs and we achieve the
time bound of @Tmst(m, n) + m - a(m, n)) for the
MVA-SPproblem for arbitrarily weighted DAGs.

3.2. SLFR problem

The approach to th&LFR problem is essentially
the same as that for tHdVA-SP problem. Consider
the cut in the graptG induced by deleting an edge
e=(x,y) € Ty, with x = parent; (y), from 7.
The following property of the replacement path was
proved in[2]. For brevity, we omit the proof.
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Property 3.3 (Bhosle and Gonzale#2]). The re-
placement path fore = (x,y) € 7, (with x =
parent (y)), which is defined as a shortest path from
y to s in the graphG (V, E\e), uses exactly one edge
across the cutVy, V,), whereV, is the component of
7 s\e containing x V), is the component containing
y and has weight equal to

MIN

{dg (s, u) 4+ costg(u,v) +dg(v, s)}.
W) EE(Vy. Vy)

In other words, if we assign the cost to edge-
(u,v) as

costgr(e) =dg (s, u) + costg(u, v) +dg(v, s),

Theorem 3.2. The SLFR problem can be solved in
linear time on planar graphg~or non-planar graphs

it can be solved itD(Tsssgm, n) +m - a(m, n)) time.

If a shortest paths treg”; of the node s is supplied as
part of the inputthe Tsssgm, n) term can be dropped
from the expression

Proof. For planar graphsTsssdm, n) is linear [16].
The rest of the proof follows from the discussion
above. O

3.3. Fine tuning the algorithms

The number of edges in the gragh(V’, E') are

the weight of the replacement path is exactly equal to reduced from @n) to at most 2 using the following
the cost of the cheapest edge (according to the newLemma. The reader is referred @ for the proof.

costg (+) function defined above) across the induced
cut.
Note that once7  is available, the new costs for

Lemma 3.3. The replacement edge(e) of any
edgee € MST(G) with respect to the MST of

the edges can be computed in constant time per edgethe graphG(V, E) belongs to the set of edges in

We build a new grapl;’(V’, E’) as follows:
V' =V,
E'=E.
An edgee=(u, v) € E’is assigned a cost as follows:
if (e € ), costg(e) =0;
if (e¢ Ty), costgr(e) =dg(s,u)+ costg(u, v)+
dg (v, s).

MST(G(V, E\T msp), Where I gt is the MST of
G(V,E).

The edges in MSTG(V, E\Z nsp)) Can be iden-
tified in Tnst(m,n) time. For integer graphs, this
bound in linear inm and n [9]. Thus, the graph
G'(V',E") contains only the edges in the set

It is easy to see that the Lemmas 3.1 and 3.2 hold 7 mst U MST(G(V, E\7 msp). Now, the sensitivity

for the graphG’(V’, E’) constructed above. That is,
T 5(G") = Tmsi(G") = T 5(G).
Restating Property 3.3 above, we have

Property 3.4. The replacement edge(e) (with re-
spectto MST irG’) of an edgee= (x, y) € MST(G’)
(with x =parent; ,(y)) has weight exactly equal to
the weight of the replacement path for e in the graph
G(V, E), which is defined as a shortest path from y
tosinG(V, E\e).

We have thus reduced tH&LFR problem to the

replacement edges problem with respect to MSTs,
which sets the stage for us to use the sensitivity anal-

ysis results fron{6,21] and arrive at the solution in
O(@m - a(m, n)) additional time for non-planar graphs.
For planar graphs, the sensitivity analysis algorithm
of [3] requires only linear additional time.

analysis algorithnfi6,21] requires only @Qn - «(2n, n))
time instead of @Qn - a(m,n)) since G’ has at
most 2 edges. Hence, our algorithms require only
O(Tmst(m, n) + Tsssfm, n) + n - o(2n, n)) time.

4. k Shortest (simple) paths

Thek shortest simple pathsoblem takes as input,
an undirected, weighted grapgh(V, E), two special
nodes,s,t € V and an integek. One is required
to list out k simplepaths froms to t in the order of
increasing weight. We briefly outline the shortest
paths algorithm of10].

At any point of time, the algorithm maintains in
a priority queue data structure the set of candidates
for the next shortest-t path. The total weight of
the path determines its priority. When thia short-

We are now ready to state the main theorem of this est path is extracted (via @eleteMin() operation),

subsection.

the algorithm generates two new candidates for the
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(i + Dth shortest path by invoking thdVA-SPalgo-
rithm twice (on two different graphs). Hence, the size
of the priority queue can grow only as large ds 2
and the time complexity is Q(Tyya—sp(m,n) +
TacteteMin(k))) = Ok(m + n logn)) sincek = O(n!)
(for planar graphsk = O(c¢") for some constant
¢) and Tyerereminy = O(logk), which represents
the time required to perform @eleteMin() op-
eration on a priority queue with @) keys, and
Tyva—sp(m,n)=0(m+nlogn) is achieved. For in-
teger graphs, a time bound of&m + n log log n))
can be achieved using integer priority quel23],
which guarante@yeieremin(ny = O(log log N).

Replacing theMVA-SP algorithm of [11] used in
[10] by our algorithm, we can achieve the following
bounds for thek shortest simple paths problem: for
arbitrarily weighted planar undirected graphgi@),
and for non-planar undirected integer graph& @ +
n - a(2n,n) + log log k)) = Ok(m + n - a(2n, n)))
(again, using integer priority queues).

The version of the& shortest paths problem which
does not require the paths to simplehas been solved
in optimal time of QTsssdm, n) + k) [7]. For DAGs,
the two versions of the problem are identical.

5. Concluding remarks
A generalization of theMVA-SP algorithm is

the k most vital arcs with respect to shortest paths
(k-MVA-SP) problem, which asks one to find the

k>2 edges of the graph, whose deletion causes

integer graphs would imply the corresponding im-
provements to the problems studied here. The fine-
tuning trick described in Section 3.3 can be used to
improve the sensitivity analysis results [@&;,21] for
MSTs on integer graphs from@ - o.(m, n)) to O(m +

n - o(2n, n)).

The algorithms of6,21] were designed for arbitrary
graphs, thus suggesting that for integer graphs it may
be possible to eliminate thg(-) term from the time
complexity expression.

The directed versions of botlVA-SPand SLFR
are significantly more difficult as they admit a lower
bound of @min(m./n, n?)) [2,13] for a certainpath
comparisorclass of shortest paths algorithms (a flaw
in the directed graphs algorithm §f1] was pointed
out in[12]). See[13,14]for the details on the model.

We believe that the technique of using MSTs in
shortest path problems will also find applications in
shortest path problems apart from those studied here.
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